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SUMMARY ﬂ / 1/

For second-order elliptic boundary value problems, we develop a nonconforming multigrid
method using the coarser-grid correction on the conforming finite element subspaces. The
convergence proof with an arbitrary number of smoothing steps for V-cycle is presented.

1. INTRODUCTION

Let O be a convex polygon in R?. Let f € L*(Q), a € C(f) and B € C°(f). We assume there
exists ap such that @ > ag >0 and 82 0. In this paper we discuss convergence properties of the
multigrid method for solving the Dirichlet problem

V- (aVu)+pu = f in @, (1)
u = 0 on 00, (2)

using P1 nonconforming finite elements(see [5, 6]).

The prototype of the multigrid convergence theory is that

For some number of smoothing steps the multigrid process is a contraction for some
norm. Moreover, the contraction number is independent of the mesh size h.

This was proved for conforming multigrid methods by Bank and Dupont[1]. Braess and
Hackbusch([2) and Hackbusch(8] proved this for the V cycle with one smoothing step. For the
nonconforming multigrid method, this was proved by Braess and Verfiirth[3] and Brenner[4] for the
W-cycle under the condition that each iteration step contains many smoothing steps.

The method presented in this paper consists of a smoothing step on the nonconforming finite
element space of the finest-grid and correction step which is obtained by the conforming multigrid

*This research was partially supported by the National Science Foundation under Grant No. CDA-
9024618 and DMS-9203502.
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method on the conforming finite element subspaces of coarser-grids. The standard nonconforming
multigrid which was proved by Brenner in [4] is based on smoothings and correction on the
nonconforming finite element spaces. The important difference is that Vj_; € Vi and Wy_; C V;,
where V; and Wj, are the nonconforming and conforming finite element spaces on mesh level k,
respectively. Hence we can simply use the natural injection for the intergrid transfer of grid
functions and this intergrid transfer operator preserves the energy norm. Moreover, the error of the
coarser-grid correction is orthogonal to Wj_;. Owing to these, the standard proof of convergence in
[2] for the V-cycle of one smoothing step of the conforming multigrid method carries over directly.
In [3] Braess and Verfiirth added the step length parameter in the correction step of the standard
nonconforming multigrid algorithm to improve the convergence. They proved the convergence of
two-level case of this modified standard nonconforming multigrid with one smoothing step. The rate
of convergence of their algorithm should be better than or at least equal to that of the standard
nonconforming multigrid method but it needs more cost for each iteration. While Brenner proved
the convergence of the standard nonconforming multigrid algorithm only for the W-cycle it is
convergent for the V cycle with one smoothing step in real computation. Also the modified
standard nonconforming multigrid algorithm converges for the V cycle with one smoothing step in
real computation. Our multigrid method is easier to implement and more effective because it needs
fewer computations and communications in a parallel sense. These computations were done in

CM-5 Vector Unitst.

This paper is organized as follows. In Section 2 we discuss the fundamental estimates from the
theory of finite elements and the intergrid transfer operator. The multigrid algorithm is discussed
in Section 3. Section 4 contains the contracting properties of the k-level iteration. In the last
section we compare the computational results of three algorithms.

2. THE FINITE ELEMENT SPACES

The variational formulation for (1) and (2) is defined as follows: Find u € Hj(Q) such that
a(u,v) = F(v) Vv e H}(Q),
where
a(u,v) = /Q(aVu-Vv+ﬂuv) and F(v) =/va.
Here, Hj(Q) denotes the usual Sobolev space (see [5]).

Let {T*}, k > 1, be a family of triangulations of Q, where T*+! is obtained by connecting the
midpoints of the edges of the triangles in 7*. Let hi := maxrers diam T, then by = 2hg,1.
Throughout this paper, C' denotes the positive constant independent of k¥ which may vary from
occurence to occurence even in the proof of the same theorem. o o

tThese results are based upon a test version of the software where the emphasis was on providing functionality
and the tools necessary to begin testing the CM5 with vector units. This software release has not had the benefit of
optimization or performance tuning and, consequently, is not necessarily representative of the performance of the full
version of this software.
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It is worth pointing out the motivation of the nonconforming finite elements. In the stationary
Stokes problem for an incompressible viscous fluid, it is realized that a major difficulty exists in the
numerical treatment of the incompressibility condition. Crouzeix and Raviart in [6] advocated the
method that the incompressibility condition is approximated. They have found it very convenient
to use nonconforming finite elements for this purpose. By Uzawa’s method the Stokes equation is
reduced to a sequence of Dirichlet problems for the operator —A. Thus we shall develop a
nonconforming multigrid method for solving (1) and (2).

Now let’s define the nonconforming finite element space

Vi := {v: v|ris linear for all T € T*, v is continuous at the midpoints
of the edges and v = 0 at the mid points on 0} .

Note that functions in Vi are not continuous.
We also use a conforming finite element space for our multigrid method NC-CMG. Define

Wy := {w: w|7 is linear for all T' € T*, w is continuous
on ) and w|sq = 0}.

The space Vi will be used in the finest-grid space and W in the coarser-grid spaces to obtain
NC-CMG. Observe that Wy = Vi N Hy(Q) = Vi N Viia.

For each k, define (on Vi + Hj(Q))

ap(u,v) = Y, /T(aVu - Vv + fuv)

TeT*

Nullk := v/ ax(u,u).

The bilinear form ax(-,-) is symmetric and positive definite on V. Moreover, we have the inverse
estimate[4]

and the energy norm induced by ax

lulle < Chi'llulles Vu € Vi (3)
We also note that if u,v € H{(), then ax(u,v) = a(u,v).

We now recall some fundamental estimates from the theory of finite elements.

Since f € L*(Q), elliptic regularity implies that u € H 2(0)(see [7]). For the same f, let ux € Vi
satisfy

ax(uk, ) =/va Yv e Vi

and let i@, € Wy satisfy
ak(tk,v) =/va Yv € Wy.

Since V; satisfies the patch test(see [11]), we have the following estimate for the discretization error:

llu = urllz2 + hellu — urlle < ChEllullae (4)
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(see [6]). The estimate for the conforming descretization error is, of course, well known(see [5])

llu = @rllL2 + Aellu — Gelle < ChYlu ma. (3)

From the spectral theory, there exist eigenvalues 0 < \; < Ay < --- < An, and eigenfunctions

V1, Y2,y ¥ny € Vi, (¥4, ¥j)12 = 6i; (= the Kronecker delta), such that ax(t;,v) = Ai(3;,v) 12 for
all v € Vi. From the inverse estimate (3), there exists C > 0 such that

i Xi < Ch;2 (6)
The same resulfs hold for the conforming finite element spaces. The norm [Jv], ; is defined (see [1])
as follows: :
- Nk 1/2 Ni
o= (35007) where 0= ou e v m
_ i=1 i=1
Moreover,
 Polok=lole and folie= ol | Q
E e 17 7
And, the Caﬁchyf-gcﬁw’é’r’zﬁ inequality implies
o, (@)l S ol ;

for any ¢t € R and v,w € V;.

For v € Vi_, the intergrid transfer operator I¥_; : Vi_; — Vj is defined as follows. Let pbea
midpoint of a side of a triangle in 7. If p lies in the interior of a triangle in 7#-!, then we define

| (IE0)(P) 1= v()

Otrhexi'wise, if p lies on the common edge o-f-'ut-wbHa,rajacerit:triangles Ti and T3 in T*-!, then we define

(Th-)(p) = 5[oln (o) + vlm(p)]

From the definition of If_,, it is clear that

I,f_lv =v VU EWraa=VinVi1 C Hg(ﬂ) .

In other words, If_|w,_, is just the natural injection.

b= J T

~ Now we are ready to state an apptoximatiéﬂjifggerty.

Lemma 1 Given u € V; let u* € Wi_; be the solution of

ag(u—u*, v)=0 Yve W, S S e

Then
flu = w16 £ Chillufla,.
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Proof. Let g € Vi satisfy
(g,v) = ak(u, v) Vv € V.

Then
Yo € Wi,  ax(u®,v) = ax(u,v) = (g,v).

Now let w € HL(Q) be the solution of the Dirichlet problem

—V . (aVw)+pw = g inQ
w = 0 on 0.

Then by elliptic regularity ||w||z> < C|lgllz2. It follows from the discretization error estimates (4)
and (5) that

lu—w*lee < flu=wllzs+ [lw— v (9)
< Ch||w||a (10)
< ChYgllz2- (11)
But
lglls = (9,9) = ar(u, 9) < Nullzllgllza-
Therefore,

llgllzz < frullz,s-
Combining inverse estimate (3) and (11), we obtain

c *
e — w e < llw = wls < Chlula O

3. THE MULTIGRID ALGORITHM

Now, we consider a decreasing sequence of mesh size hg:

ho>h1>"'>hk>"'>hkm“.

We first describe the k-level iteration scheme of the conforming multigrid algorithm. The k-level
iteration with initial guess zy yields CMG(k, 2, G) as a conforming approximate solution to the
following problem.

Find z € W such that ax(z,v) = G(v) Vv € Wi, where G € Wy.

Here, W} is the dual space of Wy. For k =1, CMG(1, z, G) is the solution obtained from a direct
method. For k > 1, CMG(k, 20, G) = zm, + I¥_,g, where the approximation zm, € Wi is constructed
recursively from the initial guess 2, and the equations

1
zi = zi1 + —(G — Agzi-1), 1<is<m.
Ay
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Here, Ay is greater than or equal to the largest eigenvalue of Aj which is the stiffness matrix of ak
in the conforming finite element space W}, and m is an integer to be determined later. The
coarser-grid correction ¢ € W;_; is obtained by applying the (k — 1)-level iteration 1 time. In other
words, it is the V-cycle multigrid method. More precisely,

g=CMG(k—1,0,G)
where G € W|_, is defined by G(v) := G(If_v) — ax(zm, If_,v) for all v € W,_,.

The nonconforming multigrid algorithm of this paper is as follows: The kmax-level iteration with
initial guess zy yields NC-CMG (kmax, 20, F) as a nonconforming approximate solution to the
following problem. '

Find z € Vi_,, such that

Gk (2,0) = F(v) = /n fo YweVi. (12)

For kmax = 1, NC-CMG(1, z, F) is the solution obtained from a direct method.

For kpmax > 1,

Smoothing Step: the approximation z,, € V; is constructed recursively from the initial guess z

and the equations
1

Ak

Zi=2zi-1+ (F - Akm“z;_l), 1<i:<m. (13)

Here, A, is greater than or equal to the largest eigenvalue of A__ which is the stiffness
matrix of a,,, in the nonconforming finite element space V;__, .

Correction Step: The coarser-grid correction ¢ € Wj_; is obtained by applying the (kmax — 1)-level
conforming iteration 1 time. More precisely, SR S :

g = OMG(kmax — 1,0, F)
where F € Wi -1 is defined by F(v) := F(If_v) — ak(2m, IF_v) for all v € Wi_.

Put
NC-CMG(kmaX) 29, F) =2Zm + Ik:::-lq '
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4. ESTIMATE OF CONVERGENCE RATE

Now, we can proceed with the well-known analysis of the conforming multigrid method in [2].

Define the linear mapping J : Vi — Vi by
Jw = Z':V,' (1 - 3

Here A;’s are the eigenvalues of a;. The smoothing step (13) amplifies the error e; = z — z; by J, i.e.,
e; = Je;—1. Note that J is a self adjoint and semidefinite operator with respect to the energy norm.

Ai

max

)¢,- forw = Zugtl),-.

Define the weaker seminorm

|w|2:=z)\i(1— Ai )u,z for w=)_ vithi.

Amax i

From (7) and (8) we know ||w||2 = ¥ A\v? and |w]| £ ||w]||x. Define the ratio

p(w) 1= { lf/uli - itw 20,

ifw=0
It can be regarded as a measure for the smoothness of w € V} because for a smooth function the
coefficient v; for small A;’s dominate and |w| =~ ||w||&.

Lemma 2 Given w € Vi put p = p(J™w). Then

™ wllx < p™ ]k -

Proof. Similar to the proof of Lemma 4.3.in [2]. O
Let §(€ Wi_1) be the exact coarser-grid correction i.e.
ax-1(q, v) = F(v) — ax(zm, v) Vv € Wi_;.
Define

Qem =em—q
Then Q is the as-orthogonal projector from Vi into Wit ;. Note that g is ax-orthogonal projection
of e,, into Wi._;.

Lemma 3 Given w € Vi we have
1Qull s < min {1,0y/1 = p(w)} Ile-
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Proof. For w = Y vie;, we have

A
Bl — wl? = S Awi- X (1_ )
] 1

)\ma.x

1 1
= A——ZA?V? = ;;:mwlllg,k-

max ¢

It follows from Lemma 1 that [|Quw]|i x < Ch|lw|z, This and the estimate (6) for Amax imply

IQuits < Ch*Amax(llwllf— lwl’)
< O(llwlf x — lwl*)
c(1 = p(w)lwlli

Moreover, since @ is an orthogonal projector, we have

1Qul? . < min {1,C/1 = p(w)} Jwls. ©

We are now (as in [10]) in a position to define three muitigrid iterative schemes for the solution
of (12).

1. the symmetric scheme NC-CMGVj: symmetric smoothing NC-CMG scheme

2. the coarse-to-fine cycle NC-CMG/: postsmoothing NC-CMG scheme

3. the fine-to-coarse cycle: NC-CMG\j: our NC-CMG scheme.

In particular, we have[10]

INC-CMG/4x = INC-CMG\u| .,
INC-CMGVi| = |INC-CMG\% .

The symmetrical method NC-CMGYV enables us to use estimates with respect to the energy norm
and to apply a duality argument.

Lemma 4 The multigrid algorithm NC-CMGV; has a convergence factor
NC-OMGVils < gmax p*™{e + (1 - ) min(1,Cl1 - o)}, (14

with respect to the energy norm. ¢ is the error in (k — 1)-level CMGV;_1 and the constant C is
independent of k and m.
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We note that the right-hand side of (14) is a monotone function of € due to the cut-off induced
by the min-operation which is contained in the expression.

Proof.
Zmi1 = Zm+ 3+ ew’ (e |lg—qllx < €lldllx)

with some w’ € Wy_,. Hence the error is
emil = €m—§— W = Qep, — ew'.
Since Qe,, is orthogonal to Wy_; and w’' € Wj_;, we get

1Qem —w'lli = I Qemlli + llw'llk < Qemllk + 2l (15)
< [1Qemllk + (T = Q)emllk = llemllk- (16)

In order to estimate the final error esmy1 = J™em+1, Wwe use a duality argument:
llezm+1]lk = supg a(w, e2m+1)/||w||k. Note that (16) , @* = Q and Cauchy-Schwarz’s inequality
imply

ap(w, J™(Qem — ew'))

ar(J™D, (1 — €)Q%em + €(Qem — w'))

(1 - e)ar(J™D, Q%em) + e[| T D] klemllx

(1 = lIQI™DIk| QT eollx + €ll D]kl T ™eo]|x

[(1 - &)lRQI™b} + el T Bl /*[(1 — e)IQT ™ eollk + ell T ™eol|F]'/2.

ak(W, e2m+1)

IANIAIA

Given w € Vi by the Lemmas 2 and 3 it follows that
(1 - &lQI™wll} + el T ™w|} < p*™{e + (1 — €) min(1, C1 - p])}Hlwllk,
where p =p(J""w). Hence 7 7 )

lezmenlls < gax o™ {e+ (1 = ) min(1, C[1 = )}ealls. O

Theorem 5 If ||[CMG\_1|[k-1 < 6'/% where szm <6<, then

INC-CMG\uls < 67

Proof. We conclude from Lemma 4,

INC-CMGVi|x = max p*™{§ + (1 — §) min(1, C[1 — p])},
because ||CMGVi_1||x-1 = |CMG\i-1|[}_; < §. Maximum § is attained at p = 1 when § > #%—.

INC-CMG\i||x = |NC-CMGV|i* < 6'/2. O
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Table I: Number of Grid = 8 i.e. h =1/8

S-NCMG M-NCMG | NC-CMG
smoothing || iter time(sec) |iter time(sec) | iter time(sec)
1 4 909 3 788 | 3 233
2 3 689 | 2 523 2 .156
3 2 471 2 540 | 2 170
4 2 483 | 2 549 2 177

Since the conforming multigrid method with the V-cycle and arbitrary smoothing step is convergent
we can choose § such that 1 > 6 > 3.%;"- and ||CMG\_1||x-1 < 672

5. EXPERIMENTAL RESULTS

We implement the standard nonconforming multigrid algorithm S-NCMG in [4], the modified
standard nonconforming multigrid algorithm M-NCMG in [3] and NC-CMG with the V-cycle for

the Laplace’s equation

—Au = -1 in = unit square,

u = 0 on ON0.

Let {¢%,..., ¢1’§,,} be the basis of Vi such that each ¢;‘ equals 1 at exactly one midpoint and equals
0 at all other midpoints. The stiffness matrix representing ax(:,-) with respect to this basis of
nonconforming space has at most five entries per row. In the conforming case, the stiffness matrix
has again at most five entries per row. Therefore z,,, can be obtained from 2z by iterating a sparse
band matrix. We use the Gershgorin theorem in order to get the bounds of the maximum
eigenvalues. These are the rough bounds so that the convergence rate is not optimal, but there is a
trade-off because finding the exact maximum eigenvalue costs more. Note that the matrix for If_,
has again at most five entries per row.

We take an initial guess zo = 0. The programs execute the multigrid iterations until the discrete
energy norm of the real error is below the tolerance 1/(number of basis) for various mesh size and
the number of smoothing. The real solution comes from the SSOR preconditioning conjugate
gradient method for the five point finite difference scheme in which the difference of two consecutive
solutions is less than the tolerance 10~? in the descrete l; sense. The experiments reported here
were run in double-precision arithmetic on CM-5 Vector Units which has 32K processors.

There are many ways to measure the performance of a parallel algorithm running on a parallel
processor(see [9]). The most important and commonly used metric is the elapsed cpu time to run a
job on a given machine even though it depends on how to optimize the program. We used the
power method to get the rate of convergence. In the Table V-VIII the rate of convergence of

S-NCMG and M-NCMG is slightly smaller or larger than the rate of convergence of NC-CMG.
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Table II: Number of Grid = 16 i.e. h = 1/16

S-NCMG M-NCMG NC-CMG
smoothing | iter time(sec) | iter time(sec) | iter time(sec)
1 7 2.604 ) 2.089 5 766
2 4 1.526 3 1.187 3 481
3 3 1.183 3 1.247 3 512
4 3 1.212 3 1.240 2 .360

Table III: Number of Grid = 32 i.e. h = 1/32

S-NCMG M-NCMG NC-CMG
smoothing || iter time(sec) [iter time(sec) | iter time(sec)
1 10 6.037 | 7 4294 | 7 1.625
2 6 3723 5 3.163 | 4 970
3 5 3196 | 4 2573 4 1.034
4 4 2641 3 1975 3 .832

Table IV: Number of Grid = 64 i.e. h = 1/64

| S-NCMG M-NCMG NC-CMG
smoothing || iter time(sec) [iter time(sec) | iter time(sec)
1 14 16.668 | 10 11.879 9 2.874
2 8 9.560 7 8.396 5 1.692
3 6 7.196 5 6.059 4 1.447
4 5 6.200 4 4.987 4 1.544
Table V: Number of Grid = 8 i.e. h = 1/8
S-NCMG M-NCMG NC-CMG
smoothing || rate of conv. | rate of conv. | rate of conv.

1 .903 903 .906

2 815 815 .820

3 136 736 142

4 665 .665 672
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Table VI: Number of Grid = 16 i.e. h = 1/16

[ S-NCMG | M-NCMG | _NC-CMG
smoothing || rate of conv. | rate of conv. | rate of conv.
1 904 904 910
2 817 818 .829
3 7139 139 154
4 .668 .669 .687

Table VII: Number of Grid = 32 i.e. h = 1/32

T S-NCMG | M-NCMG | NC-CMG
smoothing [| rate of conv. | rate of conv. | rate of conv.
1 904 904 N
2 818 .818 .830
3 .740 .740 157
4 .669 .669 .689

Table VIII: Number of Grid = 64 i.e. h = 1/64

S-NCMG M-NCMG NC-CMG
smoothing || rate of conv. | rate of conv. | rate of conv.
1 .904 .904 911
2 .939 818 .830
3 .888 740 57
4 773 .669 .690




(A) ®)

Figure 1: Nonconforming vs. conforming.

In Figure 1, (A) and (B) represent the location of the nodal basis of nonconforming finite
elements and conforming finite elements, respectively. Squares represent the basis in Vs—1 or Wi-1
and circles represent the basis in Vi or W;. In the correction step the centered black square is
communicating with the black circles around it. Therefore S-NCMG and M-NCMG need further
communications. Since the performance is determined mainly by the communication time in a
massively parallel machine like CM-5, S-NCMG and M-NCMG require more cpu time than
NC-CMG. 1t is shown in tables I-IV. Moreover NC-CMG does less computation and is easier to
implement because the number of the basis of V is approximately three times of that of Wy and
Wi-1 € Wi
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